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Suggested solution

z€ AN (—(z e BUC))
= z€ AN (~(z € B)A~(ze))
= (r€eAN-(zeB))A-(zel)
= z€A\B AN ~(zeC)

Let A={1,2,3,4}, B={1,3}, C ={1}
Then
A\(B\C) = {1,2.4},  (A\B)\C = {2,4}.

The set A\(B\C) contains the element 1 but the set (A\B)\C does not.
Therefore A\(B\C) and (A\B)\C are not the same.

. Let [ be the least common multiple (l.c.m.) of m and n.
Let C' be a set of integers which are divisible by [, i.e.

C={x €Z : xis divisible by [}.

We claim that AN B = C.

Let x € AN B, then x is divisible by both m and n. By division algorithm, we have
x = yl + z for some integer y and z with 0 < z < [. Since z, yl are divisible by
m, z is also divisible by m. Similarly, z is also divisible by n. We must have z = 0
otherwise we get a contradiction with the definition of l.c.m. of m and n. Hence
xeC.

SLANBCC.

Let x € C'. Since z is divisible by [ and [ is divisible by both m and n, z is divisible
by both m and n. Sox € AN B.
SCCANB.

. (Prove by contradiction)
Let = be a rational number and y be an irrational number. Let z =z + y.

Suppose 2 is a rational number. Then z = = for some integers m and n with n # 0
and x = % for some integers r and s with s # 0 as x is rational number. We then
have
m r  ms—rn
y =z ——"r=—=
n s ns
Both ms — rn and ns are integers with ns # 0, so y is rational number.

Contradiction arises.

. (Prove by contrapositive)

Suppose that n is not odd,
then n is even and n = 2m for some integer m.



Then n? = 4m? = 2(2m?) where 2m? is an integer.
Then n? is even.
Therefore, if n? is odd, then n is odd.

5a. i (Reflexive) If (z,y) € R?, then (z,y) ~ (z,y) sincey —y =x —z = 0.
ii (Symmetric) If (z,y), (m,n) € R? and (z,y) ~ (m,n), then n —y = m — z.
This implies y —n = x — m.
co(myn) ~ (z,y).
iii (Transitive) If (z,y), (m,n), (r,s) € R?, (z,y) ~ (m,n) and (m,n) ~ (r,s),
thenn—y=m—xand s —n=r—m.

s—y=(s—m)+ ()
=(r—m)+ (m—x)

sz y) ~ () s).
Therefore, ~ is an equivalence relation on R2.
5b. (0,0) ~ (z,y) if and only if y —0 =2 — 0, i.e x = y.

Therefore,
[(0,0)] ={(z,y) €ER* : x=y}.
6a. 1 (Reflexive) If P(x) € R|x], then P(x) ~ P(zx) since P(z) — P(x) = 0 which is
divisible by z — 1.

ii (Symmetric) If P(z), Q(x) € Rlz] and P(z) ~ Q(x), then P(z) — Q(x) is
divisible by z — 1, i.e. P(x) — Q(x) = (z — 1) f(z) for some f(x) in R[z].
Then Q(z) — P(z) = (x — 1)(— f(x)) which is divisible by = — 1.

. Q(x) ~ P(x).

iii (Transitive) If P(z), Q(z), R(x) € R[z], P(x) ~ Q(z) and Q(x) ~ R(x),
then P(z) — Q(x) is divisible by  — 1 and P(z) — Q(z) = (z — 1) f(z) for some
f(z) in R[z].

Q(z) — R(x) is divisible by x — 1 and Q(z) — R(z) = (z — 1)g(z) for some
g(x) in Rzx].

Hence P(r) — R(z) = (P(r) — Q(z)) + (Q(x) — R(x))
= (z = 1) f(z) + (z = 1)g(z)
= (x — 1)(f(z) + g(x)) which is divisible by = — 1.
o P(z) ~ R(z).
Therefore, ~ is an equivalence relation on R[z].

6b. P(x) ~ 2 if and only if P(x) — 2 is divisible by x — 1, i.e. P(z) —2 = (z — 1)Q(x)
for some Q(z) in R[z].
Therefore,

2] = {P(z) e R[z] : P(z) = (x—1)Q(x) + 2 for some Q(x) in R[z]}.



7a. Let (m,n), (m',n'), (p,q), (p',¢') € N? such that (m,n) ~ (m/,n’) and (p,q) ~
(', q).
Then m+n"=m'+nand p+¢ =p +q.
(m,n)*(p,q):(m-p+n-q,n-p+m-q)
(m/7n/) * (p/’q/) — (m/ .p/+n/ . q/’n/ .p/ +m/ . q/)

m-p—f-n-q—l—m,-q,—f-n,-p,—f-m-q,:m-p,+n-q+m,-q,+n,-p,+m-

q
=m' -p+n-qg+m ¢ +n-p+m-q
:m’~p’+n-q/+m/~q’+n~p+m~q

q

=m -p+n-¢d+m-¢+n-p+m-

Sincem-p+n-g+m'-¢+n"-p+m-¢=m-g+n-p+m'-p+n"-¢d+m-¢,
we havem-p+n-qg+m'-¢+n'-p=m-qg+n-p+m'-p +n'-¢.

" (m,n) x (p,q) ~ (m/,n') = (p', ¢).

Therefore, the multiplication * on N? induces a multiplication on Z.

7b Let [(m,n)], [(p,q)], [(r,s)] € Z where (m,n), (p,q), (r,s) € N2

(Commutative)
[(m, n)] * [(p, )] = [(m, 1) * (p, )]
=[m-p+n-qgn-p+m-q]
=[lp-m+q-nqg-m+p-n)
= [(p,q) * (m,n)]
= [(p, )] * [(m, n)]
(Associative)

([tm, )] * [(p, @)]) * (7, 5)]

=[(m-p+n-gn-p+m-q)=|[(rs)

(m p+n-q) 7‘+(n-p+m-q)-s,(n~p+m~q)-r+(m-p+n~q)-s)]
(m-(p-r+q-s)+n-(gr+p-s)n-(p-r+q-s)+m-(qg-r+p-s))]
(m,n)]*[(p-r+q-s,q-r+p-s)

(

m,n)] * ([(p, )] * [(r, 5)])

8. i (Reflexive) If f € C*°, then f ~ f since f(a) = f(a) and f'(a) = f'(a).

ii (Symmetric) If f,g € C* and f ~ g, then f(a) = g(a) and f'(a) = ¢'(a) which
means g(a) = f(a) and ¢'(a) = f'(a).
sog~f.

iii (Transitive) If f, g, h
g(a) = h(a) and ¢'(a
Then f(a) = g(a) =
oo f~h.

Therefore, ~ is an equivalence relation on C*°.

*, f~gandg~h, then f(a) = g(a), f'(a) = g'(a),
) ( )-
h(a) and f'(a) = g'(a) = W'(a).
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9. ‘For all x, Not P(x) or (There exists y such that P(y) but y # z).’
V@, ~P(2) vV (3y, P(y) Ay # 2)).



